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LIE GROUPS AS 3-DIMENSIONAL ALMOST PARACONTACT
ALMOST PARACOMPLEX RIEMANNIAN MANIFOLDS
MANCHO MANEV AND VESELINA TAVKOVA
Abstract. Almost paracontact almost paracomplex Riemannian manifolds
of the lowest dimension 3 are considered. Such structures are constructed on
a family of Lie groups and the obtained manifolds are studied. Curvature
properties of these manifolds are investigated. An example is commented as
support of obtained results.
Introduction
The object of our considerations is geometry of the so-called almost paracontact al-
most paracomplex Riemannian manifolds. The restriction of the introduced almost
paracontact structure on the paracontact distribution is an almost paracomplex
structure. The more popular case is when the compatible metric with the almost
paracontact structure is Riemannian, although the metric can be also indefinite.
Most generally, the notion of almost paracontact structure on a differentiable man-
ifold of arbitrary dimension was introduced by I. Sato [21]. The restriction of this
structure on the paracontact distribution is an almost product structure classified
by A.M. Naveira [17].
The almost paracontact structure is an analogue of almost contact structure al-
though almost contact manifolds are necessarily odd-dimensional whereas almost
paracontact manifolds could be even-dimensional as well.
More close analogue of an almost complex structure for the considered manifolds
is the case when the induced almost product structure is traceless. Then such a
structure is called almost paracomplex structure. These manifolds are called almost
paracontact almost paracomplex manifolds [15]. They have dimension (2n+1) and
are classified under the name of almost paracontact Riemannian manifolds of type
(n, n) by M. Manev and M. Staikova in [14].
A number of authors have studied Lie groups as manifolds equipped with various
tensor structures and metrics that are compatible with the structures (including in
the lowest-dimensional cases) – for example, [3] and [4] for almost contact metric
manifolds, [13] and [10] for almost contact B-metric manifolds, [1] and [6] for almost
complex manifolds with Hermitian metric, [8] and [24] for almost complex manifolds
with Norden metric, [2] and [5] for hypercomplex hyper-Hermitian manifolds, [7]
and [12] for almost hypercomplex Hermitian-Norden manifolds, [9] and [22] for
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Riemannian almost product manifolds, [16] and [25] for almost paracontact metric
manifolds.
The goal of the present work is to study the geometric characteristics and properties
of a family of Lie groups considered as 3-dimensional almost paracontact almost
paracomplex Riemannian manifolds. The expected results will provide a series of
explicit examples of the manifolds studied and will contribute to understanding of
their geometry.
The paper is organized as follows. In Sect. 1 we give some preliminary facts and
definitions for the studied manifolds. In Sect. 2 we construct and characterize a
family of 3-dimensional Lie groups considered as almost paracontact almost para-
complex Riemannian manifolds. In Sect. 3 we give an example in relation with the
above investigations.
1. Preliminaries
1.1. Structures of almost paracontact almost paracomplex Riemannian
manifolds. Let (M, φ, ξ, η) be an almost paracontact almost paracomplex mani-
fold, i.e. M is a (2n+ 1)-dimensional differentiable manifold with an almost para-
contact structure consisting of a tensor field φ of type (1, 1) on the tangent bundle
TM of M, a vector field ξ and an 1-form η, satisfying the following conditions:
(1) φ2 = I − η ⊗ ξ, η(ξ) = 1, η ◦ φ = 0, φξ = 0, trφ = 0,
where I is the identity on TM [21].
Moreover, (M, φ, ξ, η) admits a Riemannian metric g which is compatible with the
structure of the manifold by the following way:
(2) g(φx, φy) = g(x, y)− η(x)η(y), g(x, ξ) = η(x).
Then (M, φ, ξ, η, g) is called an almost paracontact almost paracomplex Riemannian
manifold [15].
Here and further x, y, z, w will stand for arbitrary elements of the Lie algebra X(M)
of tangent vector fields on M or vectors in the tangent space TpM at p ∈M.
Let us recall that the endomorphism φ induces an almost paracomplex structure
on each fibre of the 2n-dimensional paracontact distribution H = ker(η) of TM.
Furthermore, an almost paracomplex structure is an almost product structure P
(i.e. P 2 = I and P 6= ±I) such that the eigenvalues +1 and −1 of P have one and
the same multiplicity n, i.e. trP = 0 follows.
The associated metric g˜ of g on (M, φ, ξ, η, g) is defined by the equality g˜(x, y) =
g(x, φy) + η(x)η(y). Obviously, it is a compatible metric for (M, φ, ξ, η), i.e. rela-
tions (2) are valid for g˜ and (φ, ξ, η), as well as it is a pseudo-Riemannian metric
of signature (n + 1, n). Therefore, (M, φ, ξ, η, g˜) is an almost paracontact almost
paracomplex pseudo-Riemannian manifold.
According to [15], the decomposition x = φ2x + η(x)ξ due to (1) generates the
projectors h and v on any tangent space TpM of (M, φ, ξ, η, g), determined by
hx = φ2x and vx = η(x)ξ. Then, it is obtained the orthogonal decomposition
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TpM = h(TpM) ⊕ v(TpM). Moreover, it generates the corresponding orthogonal
decomposition of the space S of the (0, 2)-tensors S over (M, φ, ξ, η, g) as follows:
S = ℓ1(S)⊕ ℓ2(S) ⊕ ℓ3(S), ℓi(S) = {S ∈ S | S = ℓi(S)} , i = 1, 2, 3;
ℓ1(S)(x, y) = S(hx, hy), ℓ2(S)(x, y) = S(vx, vy),
ℓ3(S)(x, y) = S(vx, hy) + S(hx, vy).
Thus, for g, g˜ ∈ S, we have:
(3)
ℓ1(g) = g(φ·, φ·) = g − η ⊗ η, ℓ2(g) = η ⊗ η, ℓ3(g) = 0,
ℓ1(g˜) = g(·, φ·) = g˜ − η ⊗ η, ℓ2(g˜) = η ⊗ η, ℓ3(g˜) = 0.
1.2. Curvatures of the considered manifolds. The curvature tensor R of type
(0, 3) for the Levi-Civita connection ∇ of g is determined as usually by R = [∇,∇]−
∇[ , ]. The corresponding (0, 4)-tensor is denoted by the same letter and it is defined
by R(x, y, z, w) = g(R(x, y)z, w). With respect to an arbitrary basis, the Ricci
tensor ρ and the scalar curvature τ for R as well as their associated quantities are
determined by:
ρ(y, z) = gijR(ei, y, z, ej), τ = g
ijρ(ei, ej),
ρ∗(y, z) = gijR(ei, y, z, φej), τ
∗ = gijρ∗(ei, ej).
Further, we use the Kulkarni-Nomizu product g ? h of two (0,2)-tensors g and h
defined by
(g ? h) (x, y, z, w) = g(x, z)h(y, w)− g(y, z)h(x,w)
+ g(y, w)h(x, z)− g(x,w)h(y, z).
Moreover, g? h has the basic properties of R if and only if g and h are symmetric.
Let α be a non-degenerate 2-plane in TpM, p ∈ M, having a basis {x, y}. The
sectional curvature k(α; p) with respect to g and R is determined by
k(α; p) = −
2R(x, y, y, x)
(g ? g)(x, y, y, x)
.
It is known that a 2-plane is called a φ-holomorphic section (respectively, a ξ-sec-
tion) if α = φα (respectively, ξ ∈ α).
Let us recall that on each 3-dimensional manifold the curvature tensor has the
following form:
(4) R = −g ?
(
ρ−
τ
4
g
)
.
As it is known, a manifold is called Einstein if the Ricci tensor is proportional to
the metric tensor, i.e. ρ = λg, λ ∈ R.
For the manifolds studied (M, φ, ξ, η, g), besides the metric g, we also have its asso-
ciated metric g˜ and their component η ⊗ η according to (3). Then, it is reasonable
to consider the following more general case of the Einstein property, similarly to
[13] for almost contact B-metric manifolds. An almost paracontact almost para-
complex Riemannian manifold is called η-paracomplex-Einstein when the following
condition is valid
ρ = λg + µg˜ + νη ⊗ η, λ, µ, ν ∈ R.
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In particular, if µ = 0 then M is called para-η-Einstein.
For almost paracontact metric manifolds, there is no an associated metric g˜ and
thus the para-η-Einstein kind is only applicable. In this regard, several authors
consider Sasakian and paracontact metric manifolds satisfying the para-η-Einstein
condition and corresponding properties are well studied, e.g. [18], [23], [20].
In the present paper, we consider also the Einstein condition for the manifolds (M,
φ, ξ, η, g) regarding the separate components of the metrics, according to (3).
A para-η-Einstein manifold is said to be an ℓi-para-η-Einstein manifold (i ∈ {1, 2})
when the condition ρ = λ ℓi(g), λ ∈ R, is satisfied. Similarly, there are meaningful
respective notions regarding g˜.
1.3. Basic classes of the considered manifolds. In [14], it is given a classifi-
cation of almost paracontact almost paracomplex Riemannian manifolds consisting
of eleven basic classes F1, F2, . . . , F11. It is made with respect to the tensor F of
type (0,3) defined by
F (x, y, z) = g
(
(∇xφ) y, z
)
.
The basic properties of F with respect to the structure are the following:
F (x, y, z) = F (x, z, y) = −F (x, φy, φz) + η(y)F (x, ξ, z) + η(z)F (x, y, ξ).
Let {ξ; ei} (i = 1, 2, . . . , 2n) is a basis of the tangent space TpM at an arbitrary
point p ∈ M. The components of the inverse matrix of g are denoted by gij , then
the Lee 1-forms θ, θ∗, ω associated with F are defined by:
θ(z) = gijF (ei, ej, z), θ
∗(z) = gijF (ei, φej , z), ω(z) = F (ξ, ξ, z).
The intersection of the basic classes is the special class F0 determined by the con-
dition F (x, y, z) = 0 and it is known as the class with ∇-parallel structures, i.e.
∇φ = ∇ξ = ∇η = ∇g = ∇g˜ = 0.
In [14], there are given the conditions for F determining the basic classes Fi of (M,
φ, ξ, η, g), whereas the components Fi of F corresponding to Fi are known from
[15]. Namely, the manifold (M, φ, ξ, η, g) belongs to Fi (i ∈ {1, 2, . . . , 11}) if and
only if the equality F = Fi is valid. In the latter case, (M, φ, ξ, η, g) is also called
an Fi-manifold.
Moreover, a studied manifold belongs to a direct sum of two or more basic classes,
i.e. (M, φ, ξ, η, g) ∈ Fi ⊕Fj ⊕ · · · , if and only if F is the sum of the corresponding
components Fi, Fj , . . ., i.e. the following condition is satisfied F = Fi + Fj + · · · .
In the present paper, we consider the case of the lowest dimension of the manifolds
under study, i.e. dimM = 3.
Then, the basic classes of the 3-dimensional manifolds of the considered type are
F1, F4, F5, F8, F9, F10, F11, i.e. F2, F3, F6, F7 are restricted to F0 [15].
Let {e0 = ξ, e1 = e, e2 = φe} be a φ-basis of TpM, therefore it is an orthonormal
basis with respect to g, i.e. g(ei, ej) = δij for all i, j ∈ {0, 1, 2}. We denote the
components of F , θ, θ∗ and ω with respect to this φ-basis as follows
Fijk = F (ei, ej , ek), θk = θ(ek), θ
∗
k = θ
∗(ek), ωk = ω(ek).
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In the final part of the present section we recall the needed results from [15].
The components of the Lee forms with respect to the φ-basis are:
(5)
θ0 = F110 + F220, θ1 = F111 = −F122 = −θ
∗
2 ,
θ∗0 = F120 + F210, θ2 = F222 = −F211 = −θ
∗
1 ,
ω0 = 0, ω1 = F001, ω2 = F002.
Further, if Fs (s = 1, 2, . . . , 11) are the components of F in the corresponding basic
classes Fs, we have:
(6)
F1(x, y, z) =
(
x1θ1 − x
2θ2
) (
y1z1 − y2z2
)
;
F2(x, y, z) = F3(x, y, z) = 0;
F4(x, y, z) =
θ0
2
{
x1
(
y0z1 + y1z0
)
+ x2
(
y0z2 + y2z0
)}
;
F5(x, y, z) =
θ∗
0
2
{
x1
(
y0z2 + y2z0
)
+ x2
(
y0z1 + y1z0
)}
;
F6(x, y, z) = F7(x, y, z) = 0;
F8(x, y, z) = λ
{
x1
(
y0z1 + y1z0
)
− x2
(
y0z2 + y2z0
)}
,
λ = F110 = −F220;
F9(x, y, z) = µ
{
x1
(
y0z2 + y2z0
)
− x2
(
y0z1 + y1z0
)}
,
µ = F120 = −F210;
F10(x, y, z) = νx
0
(
y1z1 − y2z2
)
, ν = F011 = −F022;
F11(x, y, z) = x
0
{
ω1
(
y0z1 + y1z0
)
+ ω2
(
y0z2 + y2z0
)}
,
where x = xiei, y = y
iei, z = z
iei are arbitrary vectors in TpM, p ∈M.
2. Lie groups as 3-dimensional manifolds of the studied type
Let L be a 3-dimensional real connected Lie group and l be its Lie algebra. If
{E0, E1, E2} is a basis of left invariant vector fields on l then an almost paracontact
almost paracomplex structure (φ, ξ, η) and a Riemannian metric g can be deter-
mined by the following way:
(7)
φE0 = 0, φE1 = E2, φE2 = E1, ξ = E0,
η(E0) = 1, η(E1) = η(E2) = 0,
(8) g(Ei, Ej) = δij , i, j ∈ {0, 1, 2}.
Thus, we obtain the manifold (L, φ, ξ, η, g). Obviously, we have the following
Proposition 2.1. The manifold (L, φ, ξ, η, g) is a 3-dimensional almost paracon-
tact almost paracomplex Riemannian manifold.
Further, the denotation (L, φ, ξ, η, g) stands for this manifold.
The corresponding Lie algebra l is defined by:
(9) [Ei, Ej ] = C
k
ijEk, i, j, k ∈ {0, 1, 2}.
From the nine commutation coefficients Ckij , using the Jacobi identity
[
[Ei, Ej ], Ek
]
+
[
[Ej , Ek], Ei
]
+
[
[Ek, Ei], Ej
]
= 0,
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remain six which could be chosen as parameters. So, we express the three coeffi-
cients with different indices by the six parameters (if the denominators are non-zero)
as follows:
C012 =
C001C
1
12 + C
0
02C
2
12
C101 + C
2
02
, C102 =
C002C
1
01 − C
1
12C
2
02
C001 − C
2
12
,
C201 =
C001C
2
02 + C
1
01C
2
12
C002 + C
1
12
.
Using the known property of the Levi-Civita connection of g
(10) 2g (∇EiEj , Ek) = g ([Ei, Ej ], Ek) + g ([Ek, Ei], Ej) + g ([Ek, Ej ], Ei) ,
we get the following formula for the F ’s components Fijk = F (Ei, Ej , Ek), i, j,
k ∈ {0, 1, 2}:
2Fijk = g ([Ei, φEj ]− φ[Ei, Ej ], Ek) + g (φ[Ek, Ei]− [φEk, Ei], Ej)
+ g ([Ek, φEj ]− [φEk, Ej ], Ei) .
Then, we have the following equations:
(11)
F111 = −F122 = 2C
1
12, F211 = −F222 = 2C
2
12,
F120 = F102 = C
1
01, F020 = F002 = C
0
01,
F210 = F201 = C
2
02, F010 = F001 = C
0
02,
F110 = F101 =
1
2
(
C012 + C
1
02 + C
2
01
)
,
F220 = F202 =
1
2
(
−C012 + C
1
02 + C
2
01
)
,
F011 = −F022 = C
0
12 + C
1
02 − C
2
01,
and the other components Fijk are zero.
Hence, we obtain the following equalities for the Lee forms:
(12)
θ0 = C
1
02 + C
2
01,
θ1 = 2C
1
12,
θ2 = −2C
2
12,
θ∗0 = C
1
01 + C
2
02,
θ∗1 = 2C
2
12,
θ∗2 = −2C
1
12,
ω0 = 0,
ω1 = C
0
02,
ω2 = C
0
01.
Theorem 2.2. The manifold (L, φ, ξ, η, g) belongs to the basic class Fs (s ∈ {1,
4, 5, 8, 9, 10, 11}) if and only if the corresponding Lie algebra l is determined by the
following commutators:
F1 : [E0, E1] = 0, [E0, E2] = 0, [E1, E2] = αE1 − βE2;
F4 : [E0, E1] = αE2, [E0, E2] = αE1, [E1, E2] = 0;
F5 : [E0, E1] = αE1, [E0, E2] = αE2, [E1, E2] = 0;
F8 : [E0, E1] = αE2, [E0, E2] = −αE1, [E1, E2] = 2αE0;
F9 : [E0, E1] = αE1, [E0, E2] = −αE2, [E1, E2] = 0;
F10 : [E0, E1] = −αE2, [E0, E2] = αE1, [E1, E2] = 0;
F11 : [E0, E1] = αE0, [E0, E2] = βE0, [E1, E2] = 0,
where α, β are arbitrary real parameters. Moreover, the relations of α and β with
the non-zero components Fijk in the different basic classes Fs from (6) are as
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follows:
F1 : α =
1
2θ1, β = −
1
2θ2; F4 : α =
1
2θ0;
F5 : α =
1
2θ
∗
0 ; F8 : α = λ;
F9 : α = µ; F10 : α =
1
2ν;
F11 : α = ω2, β = ω1.
Proof. The calculations are made, using (5), (6), (11) and (12). 
Let us remark that the class of the para-Sasakian paracomplex Riemannian mani-
folds is F ′4, where F
′
4 is the subclass of F4 determined by the condition θ(ξ) = −2n
[15].
Then, due to Theorem 2.2, we have the following
Corollary 2.3. The manifold (L, φ, ξ, η, g) is para-Sasakian if and only if the cor-
responding Lie algebra l is determined by the following commutators:
[E0, E1] = −E2, [E0, E2] = −E1, [E1, E2] = 0.
Let us note that an F0-manifold is obtained if and only if the Lie algebra is Abelian,
i.e. all commutators are zero. Further, we skip this special case.
2.1. Some special structures on the considered manifolds. A metric g is
called Killing (or, Ad-invariant) if satisfying the property
(13) g([x, y], z) = g(x, [y, z]).
Theorem 2.4. The metric g of (L, φ, ξ, η, g) is Killing if and only if (L, φ, ξ, η, g)
belongs to the subclass of F8 ⊕F10 determined by the condition 2λ = −ν.
Proof. According to (8), (9) and (13), we establish that g is Killing if and only if
the equalities
(14) C012 = −C
1
02 = C
2
01, C
i
ij = 0
are valid. Then, using (11) and (12), we obtain the following equalities
(15) − F011 = F022 = 2F110 = 2F101 = −2F220 = −2F202 = C
0
12
and θ = θ∗ = ω = 0. Therefore, by virtue of (6), we get
(16) F (x, y, z) = F8(x, y, z) + F10(x, y, z), 2λ = −ν.
Vice versa, let the latter equalities be satisfied. Then, applying (6) and (11) to
them, we deduce (14) and (15). Therefore, g is Killing. 
Similarly, the metric g˜ is Killing if (13) is satisfied for g˜, i.e. g˜([x, y], z) = g˜(x, [y, z])
holds.
Theorem 2.5. The associated metric g˜ of (L, φ, ξ, η, g) is Killing if and only if
(L, φ, ξ, η, g) belongs to the subclass of F8 ⊕ F9 ⊕ F10 determined by the condition
2λ = µ = ν.
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Proof. It is analogous to the proof of the previous theorem as equalities (14), (15),
(16) are replaced respectively by
C012 = C
1
01 = −C
2
02,
F120 = F102 = −F210 = −F201 = 2F110 = 2F101
= −2F220 = −2F202 = F011 = −F022 = C
0
12,
F (x, y, z) = F8(x, y, z) + F9(x, y, z) + F10(x, y, z), 2λ = µ = ν.

The structure φ is called bi-invariant, if φ[x, y] = [x, φy] is true.
Theorem 2.6. The structure φ of (L, φ, ξ, η, g) is bi-invariant if and only if (L, φ,
ξ, η, g) belongs to the subclass of F4 ⊕ F5 ⊕ F8 ⊕ F10 determined by the condition
2λ = ν.
Proof. By a similar way, using (6), (9), (11) and (12), we establish that the def-
inition condition for a bi-invariant endomorphism φ is satisfied if and only if we
have
F120 = F102 = F210 = F201 = C
1
01 = C
2
02 =
1
2θ
∗
0 ,
F110 = F101 =
1
2C
0
12 + C
1
02 =
1
2C
0
12 + C
2
01 = λ+
1
2θ0,
F220 = F202 = −
1
2C
0
12 + C
1
02 = −
1
2C
0
12 + C
2
01 = −λ+
1
2θ0,
F011 = −F022 = C
0
12 = ν, 2λ = ν.
Thus, bearing in mind (6), we obtain the following
F (x, y, z) = F4(x, y, z) + F5(x, y, z) + F8(x, y, z) + F10(x, y, z), 2λ = ν.

It is known that ξ is a Killing vector field when the Lie derivatite L of g along
ξ vanishes, i.e. Lξg = 0. According to [15], (M, φ, ξ, η, g) of dimension (2n + 1)
belongs to Fi (i = 1, 2, 3, 7, 8, 10) or to their direct sums. Then, it is easy to
conclude the truthfulness of the following
Theorem 2.7. The vestor field ξ of (L, φ, ξ, η, g) is Killing if and only if (L, φ, ξ,
η, g) belongs to F1, F8, F10 or to their direct sums.
2.2. Curvature properties of the constructed manifolds. Using (10) and
Theorem 2.2, we obtain the components of ∇ as follows:
(17a)
F1 : ∇E1E1 = −αE2, ∇E1E2 = αE1,
∇E2E1 = βE2, ∇E2E2 = −βE1;
F4 : ∇E1E0 = −αE2, ∇E2E0 = −αE1,
∇E1E2 = ∇E2E1 = αE0;
F5 : ∇E1E0 = −αE1, ∇E2E0 = −αE2
∇E1E1 = ∇E2E2 = αE0;
F8 : ∇E1E0 = −αE2, ∇E2E0 = αE1
∇E1E2 = −∇E2E1 = αE0;
F9 : ∇E1E0 = −αE1, ∇E2E0 = αE2
∇E1E1 = −∇E2E2 = αE0;
F10 : ∇E0E1 = −αE2, ∇E0E2 = αE1;
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(17b)
F11 : ∇E0E1 = αE0, ∇E0E2 = βE0
∇E0E0 = −αE1 − βE2,
and the other components are zero.
Then, we have the following
Theorem 2.8. Let (L, φ, ξ, η, g) belong to a basic class Fs, s ∈ {1, 4, 5, 8, 9, 10, 11}.
If s = 10, (L, φ, ξ, η, g) is flat, whereas if s 6= 10, (L, φ, ξ, η, g) is flat if and only
if it is an F0-manifold. In the latter case the manifold has the following non-zero
components of R, ρ, ρ∗ and the non-zero values of τ , τ∗, kij :
F1 : R1212 = −ρ11 = −ρ22 = ρ
∗
12 = ρ
∗
21 = −
1
2τ = −k12 = α
2 + β2;
F4 : R0101 = R0202 = −R1212 = −
1
2ρ00 = −ρ
∗
12 = −ρ
∗
21
= − 12 τ = −k01 = −k02 = k12 = α
2;
F5 : R0101 = R0202 = R1212 = −
1
2ρ00 = −
1
2ρ11 = −
1
2ρ22
= ρ∗12 = ρ
∗
21 = −
1
6τ = −k01 = −k02 = −k12 = α
2;
F8 : R0101 = R0202 = −R1212 = −
1
2ρ00 = −ρ
∗
12 = −ρ
∗
21
= − 12 τ = −k01 = −k02 = k12 = −α
2;
F9 : R0101 = R0202 = −R1212 = −
1
2ρ00 = −ρ
∗
12 = −ρ
∗
21
= − 12 τ = −k01 = −k02 = k12 = α
2;
F11 : R0101 = −ρ11 = −k01 = α
2, ρ00 =
1
2τ = −(α
2 + β2),
R0102 = −ρ12 = −
1
2ρ
∗
00 = −
1
2τ
∗ = αβ,
R0202 = −ρ22 = −k02 = β
2.
Proof. The latter equations are obtained by direct computation of the basic compo-
nents Rijkl = R(Ei, Ej , Ek, El), ρjk = ρ(Ej , Ek), ρ
∗
jk = ρ
∗(Ej , Ek) and the values
of τ , τ∗, kij = (Ei, Ej), using Theorem 2.2 and (17). 
Let us remark that in an arbitrary tangent space of (L, φ, ξ, η, g) with the basis
{E0, E1, E2} defined by (7) and (8), we have two basic ξ-sections {E0, E1}, {E0, E2}
and one basic φ-holomorphic section {E1, E2}.
By virtue to Theorem 2.8, we establish the truthfullness of the following
Theorem 2.9. Let (L, φ, ξ, η, g) be a non-flat Fs-manifold, i.e. s ∈ {1, 4, 5, 8, 9,
11}. Then we have the following characteristics:
(1) The Fs-manifolds (s = 4, 8, 9) have a curvature tensor of the same form;
(2) Every F11-manifold has the property R(x, y, φz, φw) = 0;
(3) Every F8-manifold has a positive scalar curvature;
(4) Every Fs-manifold (s = 1, 4, 5, 9, 11) has a negative scalar curvature;
(5) Every Fs-manifold (s = 1, 4, 5, 8, 9) is ∗-scalar flat;
(6) An F11-manifold is ∗-Ricci flat if and only if it is ∗-scalar flat;
(7) An F11-manifold is ∗-scalar flat if and only if αβ = 0, (α, β) 6= (0, 0);
(8) An F11-manifold has a positive (resp., negative) ∗-scalar curvature if and
only if αβ < 0 (resp., αβ > 0);
(9) Every F1-manifold has vanishing sectional curvatures of the basic ξ-sect-
ions;
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(10) Every F8-manifold has positive sectional curvatures of the basic ξ-sections;
(11) Every Fs-manifold (s = 4, 5, 9, 11) has negative sectional curvatures of the
basic ξ-sections;
(12) Every F11-manifold has a vanishing scalar curvature of the basic φ-holomorphic
section;
(13) Every Fs-manifold (s = 4, 9) has a positive scalar curvature of the basic
φ-holomorphic section;
(14) Every Fs-manifold (s = 1, 5, 8) has a negative scalar curvature of the basic
φ-holomorphic section.
Using Theorem 2.8, we obtain immediately the following
Corollary 2.10. The form of the Ricci tensor on (L, φ, ξ, η, g) in the corresponding
basic class is:
F1 : ρ =
τ
2 (g − η ⊗ η) ; Fs : ρ = τ(η ⊗ η), s ∈ {4, 8, 9};
F5 : ρ =
τ
3 g; F11 : ρ = −ρ(φ·, φ·) +
τ
2 g + τ
∗g∗,
where g∗ = g˜ − η ⊗ η.
Bearing in mind Corollary 2.10 and formula (4), we obtain the following
Corollary 2.11. The form of the curvature tensor on (L, φ, ξ, η, g) in the corre-
sponding basic class is:
F1 : R = −
τ
4 (g ? g) +
τ
2 (g ? (η ⊗ η)) ;
Fs : R =
τ
4 (g ? g)− τ (g ? (η ⊗ η)) , s ∈ {4, 8, 9};
F5 : R = −
τ
12 (g ? g) ;
F11 : R = −ρ? (η ⊗ η).
By virtue to Corollary 2.10, we obtain the truthfulness of the following
Proposition 2.12. The manifold (L, φ, ξ, η, g) is:
(1) para-η-Einstein if it belongs to F1, F4, F5, F8, F9 or to their direct sums;
(2) ℓ1-para-η-Einstein if it belongs to F1;
(3) ℓ2-para-η-Einstein if it belongs to F4, F8, F9 or to their direct sums;
(4) Einstein if it belongs to F5;
Corollary 2.13. The para-Sasakian manifold (L, φ, ξ, η, g) is ℓ2-para-η-Einstein.
3. An example of a Lie group as a 3-dimensional manifold of the
studied type
In [15], an example of an almost paracontact almost paracomplex Riemannian man-
ifold of arbitrary odd dimension is given. It is constructed as a family of Lie groups
equipped with the studied tensor structure. Furthermore, certain characteristics
of the obtained manifolds are determined. In the present paper, we consider the
3-dimensional case and we find geometrical characteristics in relation the above
investigations.
LIE GROUPS AS 3-DIMENSIONAL ALMOST PARACONTACT . . . 11
Let L be a 3-dimensional real connected Lie group and l be its associated Lie algebra
defined by:
[E0, E1] = −a1E1 − a2E2, [E0, E2] = −a2E1 + a1E2, [E1, E2] = 0,
where a1, a2 are real constants and {E0, E1, E2} is an l’s global basis of left invariant
vector fields on L. An almost paracontact almost paracomplex structure (φ, ξ, η)
is determined by (7) and g is a Riemannian metric defined by (8). Thus, because
of (1), the induced 3-dimensional (L, φ, ξ, η, g) is an almost paracontact almost
paracomplex Riemannian manifold.
Let us remark, the same Lie group with an appropriate almost contact structure
and a compatible Riemannian metric is studied in [19] as an almost cosymplectic
manifold. The same Lie group is equipped with an almost contact B-metric struc-
ture in [11] and then certain geometric characteristics for the obtained manifold are
found. Further, in [13], the case of the lowest dimension is considered and some
properties of the constructed manifold are determined.
In [15], we get the following components Fijk = F (Ei, Ej , Ek) of F :
F101 = F110 = F202 = F220 = −a2,
F102 = F120 = −F201 = −F210 = −a1,
and the other components of F are zero. Moreover, bearing in mind (6), we obtain
F (x, y, z) = F4(x, y, z) + F9(x, y, z) for µ = −a1, θ0 = −2a2, i.e. (L, φ, ξ, η, g) ∈
F4 ⊕ F9. If µ = 0, θ0 6= 0, the manifold belongs to F4. Particularly, for θ0 = −2,
i.e. a1 = 0 and a2 = 1, the obtained manifold is para-Sasakian. If θ0 = 0, µ 6= 0,
the manifold belongs to F9.
Now, by virtue of (10), for arbitrary θ0 and µ we obtain:
∇E1E0 = −µE1 −
θ0
2 E2, ∇E1E2 = ∇E2E1 =
θ0
2 E0,
∇E2E0 = −
θ0
2 E1 + µE2, ∇E1E1 = −∇E2E2 = µE0
and the rest are zero. Then, using the latter equalities, we calculate the basic
curvature characteristics and the nonzero of them are the following:
(18)
R0101 = R0202 = −R1212 = µ
2 +
θ2
0
4 ,
ρ00 = −2(µ
2 +
θ2
0
4 ), ρ
∗
12 = ρ
∗
21 = −µ
2 −
θ2
0
4 ,
τ = −2(µ2 +
θ2
0
4 ),
k01 = k02 = −µ
2 −
θ2
0
4 , k12 = µ
2 +
θ2
0
4 .
The latter equalities imply that (L, φ, ξ, η, g) has negative scalar curvature, negative
sectional curvatures of the basic ξ-sections and positive sectional curvature of the
basic φ-holomorphic section. These results support Theorem 2.9 for F4 and F9.
According to (18), the form of the Ricci tensor is:
(19) ρ = τ(η ⊗ η).
Therefore, (L, φ, ξ, η, g) is an ℓ2-para-η-Einstein manifold, which supports Proposi-
tion 2.12 for F4 ⊕F9.
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Bearing in mind (4) and (19), we get the following form of the curvature tensor:
R =
τ
4
(g ? g)− τ (g ? (η ⊗ η)) ,
which supports Corollary 2.11.
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